ANSWER TO HOMEWORK 1

Solution 1. (1)Let
dx
= —5
ac 7
then along the characteristic curve x(t) = 5t + a,the partial differential equation
becomes

du _Ou  Oudr _ s
dt ot Odxd
so that
1
u(z(t),t) = §e3t + K,

where K is a constant, and K = u(z(0),0) — 3, so that

1 1 2 1
t),t) = = 0),0) — = = e 47 — .
Given the point (z,t), let * = 5t + a be the unique characteristic curve passing
through this point, then a =  — 5¢ and the solution is

u(z,t) = %63'5 4 e~ (@=5* _ %
(2)Let
dv
P
then along the characteristic curve z(t) = zge™¢,the partial differential equation

becomes
du  Ou 8ud£

a ot Tawar "
so that
u(z(t),t) = K,
where K is a constant, and K = u(z(0),0) — %, so that
u(z(t),t) = u(z(0),0) = x5 — 1.

Given the point (z,t), let = xge™! be the unique characteristic curve passing
through this point, then z¢y = xe! and the solution is

u(z,t) = 233t — 1.

Solution 2. (1)Since 52 —4 x 1 x 6 = 1 > 0,then the equation is of hyperbolic
type. The characteristic equation is

dy 2 dy
=1 —=5-=4+6=0
<dx> i ' ’
therefore let

§=3z—y, n=2x-—y,
1
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then
Uy = Ug + 2uy,
Uy = —Ug — Up,
Ugy = Qge + 12Ugy + 4y,
Ugy = —3Ugg — Sgn — 2Uny,
Uyy = Ugg + 2Ugy + Uppy,
substitute the above relations into the equation, we have
ugn =0,
which implies for any smooth functions F' and G,
u=FQ3z—y)+ G2z —y),

is a solution to the equation.
(2)Since (2y)? — 4y* = 0,then the equation is of hyperbolic type. The character-

istic equation is
dy 2 dy
2
— 2u— +1=0,
Y (dm) * Yiz *

therefore let

2
£= ‘% +r, n=y,
then
Uy = Ug,
Uy = YUg + Uy,
Ugy = Ugg,
Ugy = Yugg + Uen,
Uyy = g + Y uee + 2yucy + Uy,
substitute the above relations into the equation, we have
Ugn = 67,
which implies for any smooth functions F' and G,
u=y>+yF (y;—i—x) +G(y22+x>,

is a solution to the equation.

Solution 3. (1)By direct computation, we have

22 —y?) | 2(2* —y?)

(@2 +y2)* (a2 +y?)?

which implies u = log(z? + 3?) is a harmonic function in R?\{(0,0)}.
(2)Let © = rcos, y = rsind, then

Ugg + Uyy = — =0,

sin 6
Uy = Uy COS O — Uy ,
,

. cos 6
Uy = Uy sinf + ug pa
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furthermore,
9 (sin 9)?2 2sin 0 cos 0 2sin f cos 0 (sin §)?
Uge = Uppr(cos 0)* + u, + ug 3 —Upg———— tUugo——5—,
r r r 7
. (cos 0)? 2sin 0 cos 0 25sin @ cos 0 (cos 0)?
Uyy = Upp(sin @) + u, — U 5 Upg ———— + Ugp 5
r r r r
therefore

1
Ugy + Uyy = Upy + ;ur + ﬁuéea

which implies

Cor2  ror  r2062
Therefore for u = log(x? 4 y?), we have
1 2 2
—(1 r=——+5=0,
(togr), == +

Au = (logr)mr + p

which implies that u = log(2? + y?) is harmonic.
Solution 4. Suppose u?(z,y) attains its maximum M > 0 at (xq,y0) € D. Let
v = u?, then
a(@, y)ua (2, y) + bz, y)uy(z,y) = —u(z,y).
If (z0,y0) € D, since v(z,y) attains its maximum at (zo,yo), therefore

Vu(xo, yo) = 0,

which implies
Uz (20, Yo) = vy(2o,90) =0,
therefore by the equation,
M = v(zo,y0) = 0,

which is a contradiction, therefore M < 0, since v = u? > 0, therefore u = 0.

If (zg,y0) € OD, since v(z,y) attains its maximum at (zg,yo) and a(zg, yo)xo +
1
b(xo,y0)yo > 0, therefore let 1 = (a(sco,yo)2 +b($0,y0)2) 2 (a(zo,Yo), b(x0,90)),
we have
Viv(zo,y0) = (a(zo,y0)* + b(z0, 10)?)
>0,

[N

[a(0, yo)vz (0, Yo) + b(z0,Yo)vy (w0, Yo)]

however, by the equation again
a(zo,Y0)vz (20, Y0) + b(xo, yo)vy (20, Y0) = —v(20,y0) = —M <0,
which is a contradiction, therefore M < 0,since v = u? > 0, therefore u = 0.

Solution 5. (1)Since u is harmonic, the u, and u, are also harmonic, then by the
mean value theorem,

1
[ue (20, Y0)| = 7// Uy dody
|B(1‘07y0)‘ By (x0,y0)
! dS(z,y)
= | U - Ng z,y
|B(z0,%0)| JoB, (20,40)
C
< — max |ul,
T 8Br(-7;01y0)
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where C' is a sufficiently large constant independent of . Similarly, we have
C
[uy (20, o)l < — o5, Jul.
Therefore

C
Vu(x ) S " o o
[Vu(xo, o)l r aBT(ZO7?JO)| |

(2)Since u is harmonic, then for arbitrary (z,y) € R?,

C Cy(1+72)3
Vu(z,y)] < =% max |u| < M7
T 0B,(z,y) r
where C and Cs are two constants. Let r goes to infinity, we have
[Vu(z,y)| =0,

therefore u(z,y) = Const.



