
ANSWER TO HOMEWORK I

Solution 1. (1)Let
dx

dt
= 5,

then along the characteristic curve x(t) = 5t + a,the partial differential equation
becomes

du

dt
=

∂u

∂t
+

∂u

∂x

dx

dt
= e3t,

so that

u(x(t), t) =
1

3
e3t +K,

where K is a constant, and K = u(x(0), 0)− 1
3 , so that

u(x(t), t) =
1

3
e3t + u(x(0), 0)− 1

3
=

1

3
e3t + e−a2

− 1

3
.

Given the point (x, t), let x = 5t + a be the unique characteristic curve passing
through this point, then a = x− 5t and the solution is

u(x, t) =
1

3
e3t + e−(x−5t)2 − 1

3
.

(2)Let
dx

dt
= −x,

then along the characteristic curve x(t) = x0e
−t,the partial differential equation

becomes
du

dt
=

∂u

∂t
+

∂u

∂x

dx

dt
= 0,

so that

u(x(t), t) = K,

where K is a constant, and K = u(x(0), 0)− 1
3 , so that

u(x(t), t) = u(x(0), 0) = x3
0 − 1.

Given the point (x, t), let x = x0e
−t be the unique characteristic curve passing

through this point, then x0 = xet and the solution is

u(x, t) = x3e3t − 1.

Solution 2. (1)Since 52 − 4 × 1 × 6 = 1 > 0,then the equation is of hyperbolic
type. The characteristic equation is(

dy

dx

)2

− 5
dy

dx
+ 6 = 0,

therefore let

ξ = 3x− y, η = 2x− y,
1
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then

ux = 3uξ + 2uη,

uy = −uξ − uη,

uxx = 9uξξ + 12uξη + 4uηη,

uxy = −3uξξ − 5uξη − 2uηη,

uyy = uξξ + 2uξη + uηη,

substitute the above relations into the equation, we have

uξη = 0,

which implies for any smooth functions F and G,

u = F (3x− y) +G(2x− y),

is a solution to the equation.
(2)Since (2y)2 − 4y2 = 0,then the equation is of hyperbolic type. The character-

istic equation is

y2
(
dy

dx

)2

+ 2y
dy

dx
+ 1 = 0,

therefore let

ξ =
y2

2
+ x, η = y,

then

ux = uξ,

uy = yuξ + uη,

uxx = uξξ,

uxy = yuξξ + uξη,

uyy = uξ + y2uξξ + 2yuξη + uηη,

substitute the above relations into the equation, we have

uξη = 6η,

which implies for any smooth functions F and G,

u = y3 + yF

(
y2

2
+ x

)
+G

(
y2

2
+ x

)
,

is a solution to the equation.

Solution 3. (1)By direct computation, we have

uxx + uyy = −2(x2 − y2)

(x2 + y2)2
+

2(x2 − y2)

(x2 + y2)2
= 0,

which implies u = log(x2 + y2) is a harmonic function in R2\{(0, 0)}.
(2)Let x = r cos θ, y = r sin θ, then

ux = ur cos θ − uθ
sin θ

r
,

uy = ur sin θ + uθ
cos θ

r
,
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furthermore,

uxx = urr(cos θ)
2 + ur

(sin θ)2

r
+ uθ

2 sin θ cos θ

r2
− urθ

2 sin θ cos θ

r
+ uθθ

(sin θ)2

r2
,

uyy = urr(sin θ)
2 + ur

(cos θ)2

r
− uθ

2 sin θ cos θ

r2
+ urθ

2 sin θ cos θ

r
+ uθθ

(cos θ)2

r2
,

therefore

uxx + uyy = urr +
1

r
ur +

1

r2
uθθ,

which implies

∆ =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
.

Therefore for u = log(x2 + y2), we have

∆u = (log r)rr +
1

r
(log r)r = − 2

r2
+

2

r2
= 0,

which implies that u = log(x2 + y2) is harmonic.

Solution 4. Suppose u2(x, y) attains its maximum M > 0 at (x0, y0) ∈ D. Let
v = u2, then

a(x, y)ux(x, y) + b(x, y)uy(x, y) = −u(x, y).

If (x0, y0) ∈ D̊, since v(x, y) attains its maximum at (x0, y0), therefore

∇v(x0, y0) = 0,

which implies
vx(x0, y0) = vy(x0, y0) = 0,

therefore by the equation,
M = v(x0, y0) = 0,

which is a contradiction, therefore M ≤ 0, since v = u2 ≥ 0, therefore u ≡ 0.
If (x0, y0) ∈ ∂D, since v(x, y) attains its maximum at (x0, y0) and a(x0, y0)x0 +

b(x0, y0)y0 > 0, therefore let l =
(
a(x0, y0)

2 + b(x0, y0)
2
)− 1

2 (a(x0, y0), b(x0, y0)),
we have

∇lv(x0, y0) =
(
a(x0, y0)

2 + b(x0, y0)
2
)− 1

2 [a(x0, y0)vx(x0, y0) + b(x0, y0)vy(x0, y0)]

≥ 0,

however, by the equation again

a(x0, y0)vx(x0, y0) + b(x0, y0)vy(x0, y0) = −v(x0, y0) = −M < 0,

which is a contradiction, therefore M ≤ 0,since v = u2 ≥ 0, therefore u ≡ 0.

Solution 5. (1)Since u is harmonic, the ux and uy are also harmonic, then by the
mean value theorem,

|ux(x0, y0)| =

∣∣∣∣∣ 1

|B(x0, y0)|

∫∫
Br(x0,y0)

uxdxdy

∣∣∣∣∣
=

∣∣∣∣∣ 1

|B(x0, y0)|

∫
∂Br(x0,y0)

u · nxdS(x, y)

∣∣∣∣∣
≤ C

r
max

∂Br(x0,y0)
|u|,
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where C is a sufficiently large constant independent of r. Similarly, we have

|uy(x0, y0)| ≤
C

r
max

∂Br(x0,y0)
|u|.

Therefore

|∇u(x0, y0)| ≤
C

r
max

∂Br(x0,y0)
|u|.

(2)Since u is harmonic, then for arbitrary (x, y) ∈ R2,

|∇u(x, y)| ≤ C1

r
max

∂Br(x,y)
|u| ≤ C2(1 + r2)

γ
2

r
,

where C1 and C2 are two constants. Let r goes to infinity, we have

|∇u(x, y)| = 0,

therefore u(x, y) ≡ Const.


